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Lower bound on number of essential lifts It is well known that the number of essential lifts of a
given Galois representation is bounded by the Artin conductor of the representation. Does a

similar bound hold for the case of a lift from a number field $K$ to a global field $F$? A: I'm not
sure I understood all of your question. Let $K$ be a number field with narrow class number one, so

that the narrow class group of $K$ is trivial. Let $\mathfrak{M}_K$ be the set of all finite
extensions of $K$ and $\widehat{\mathfrak{M}}_K$ be the set of all Galois extensions of $K$. By
the fundamental inequality we have $$ \sum_{\mathfrak{M}_K} \#\widehat{\mathfrak{M}}_K \le

\#\widehat{\mathfrak{M}}_K. $$ Let $F/K$ be a Galois extension and
$\widehat{\mathfrak{M}}_F$ be the set of all finite extensions $L$ of $F$ with Galois group

isomorphic to $\textrm{Gal}(F/K)$. Suppose that the ground field $K$ has narrow class number
one. We have that $\widehat{\mathfrak{M}}_K$ is finite and that the cardinality of

$\widehat{\mathfrak{M}}_K$ is bounded by the Artin conductor of $K$. We use the fact that if
$K$ is cyclic of degree $n$, then $\widehat{\mathfrak{M}}_K$ consists of all Galois extensions of

$K$ of degree $n$. This implies that
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